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Tensor-multi-scalar theories (TMST) are among the most natural generalizations of Ein-
stein’s theory, they are mathematically self-consistent and free from pathologies. They pass
through all the known observations but contrary to standard scalar-tensor theories, TMST
offer extremely rich spectrum of solutions and allow for large deviations from general rela-
tivity. One of the most interesting objects in these theories are the topological neutron stars.
The main goal in the present paper is to study their radial stability since many branches of
solutions can exist even for a fixed value of the topological charge. It turns out that only
one of these branches is stable for each value of the topological charge while all the rest are
unstable. The stable branch is exactly the one that spans from small to large neutron star
masses having as well moderate values of the radii in agreement with the observations. As
expected, it becomes unstable at the maximum of the mass. The frequencies of the radial
modes are examined and it turns out that inmost cases the mode frequencies are larger than
the general relativistic ones and they increase with the increase of the topological charge.
All this shows that the topological neutron stars are viable astrophysical objects that should
be explored further in order to determine their observational manifestations.
I. INTRODUCTION
In view of the huge advance in astrophysical observations in the past few years, the aim to
probe further the theory of gravity is becoming a realistic one. This mainly concerns the strong
field regime that is not well explored observationally. That is why the study of compact objects
in alternative theories of gravity is attracting more and more attention recently [1, 2]. Among the
most natural generalizations of Einstein’s theory are classes of alternative theories which posses
an additional mediator of the gravitational interaction, namely one or several scalar fields. The
simplest choice are the scalar-tensor theories (STT) which gained significant attention especially
with the discovery of the so-called spontaneous scalarization of neutron stars (NS), that is a non-
linear development of a nontrivial scalar field ones a critical threshold for the compactness of the
NS is exceeded [3]. If one takes into account the observational constraints, though, the deviations
from GR are very small – the Brans-Dicke parameter is severely constrained by the weak field
observations while the effect of scalarization is strongly limited by the observations of neutron
stars in close binary systems [4–6].
A way to generalize the classical STT in order to produce compact objects that obey both the
∗Electronic address: daniela.doneva@uni-tuebingen.de
†Electronic address: yazad@phys.uni-sofia.bg
‡Electronic address: kostas.kokkotas@uni-tuebingen.de
2weak and the strong field observations, but can produce large deviations from GR, is to allow for
the existence of multiple scalar fields. These are the so-called tensor-multi-scalar theories (TMST)
of gravity that are among the most viable alternative gravitational theories – they can pass all
known experimental and observational tests [7–10]. TMST are also mathematically self-consistent
and free from pathologies contrary to other alternative theorieswhich suffer from such. Within the
framework of these theories the gravitational interaction is mediated not only by the spacetime
metric but also by additional scalar fields. These additional N scalar fields ϕa take values in a
coordinate patch of an abstract N-dimensional Riemannian target space EN with a metric γab(ϕ).
Soliton and mixed fermion-soliton solutions were recently constructed in TMST [9, 10], includ-
ing the case of rapid rotation [11]. The TMST with S3 target space were the first alternative theory
of gravity where topological neutron stars were found to exist [12]. Scalarized neutron stars with a
target space which is a maximally symmetric 3-dimensional space (S3, H3 or R3) were obtained as
well in [13]. All this shows that the great spectrum of solutions that can be obtained within TMST
is controlled by the freedom of choosing the target space EN , the target space metric γab(ϕ), the
conformal factor A(ϕ) and the map ϕ : spacetime → target space. A very important property of
the topological neutron stars with S3 target space and the scalarized neutron stars with S3, H3 or
R3 target space is that, contrary to the standard scalar-tensor theories, the scalar charge is zero.
Therefore, no dipole scalar gravitational radiation is present and the binary pulsar constraints do
not apply. Similar features were also observed in other alternative theories such as the Einstein-
dilaton-Gauss-Bonnet theory in decoupling limit [14].
As we commented, one of the very interesting predictions in TMST is the existence of neutron
stars with nonzero topological charge. This offers the possibility for the presence of new phenom-
ena that can be tested via the forthcoming gravitational wave and electromagnetic observations.
Instead of having only one branch of solutions like in pure GR, multiple branches of topological
NSs exist [12]. This brings the question which are the stable one(s), if any. Certain considerations
in [12] has already brought us to the hypothesis that only one of these branches is stable while
the rest are unstable. A proper analysis, though, requires to study the dynamical stability of the
topological neutron stars against radial linear perturbations that will be the focus of the present
paper.
The radial perturbations of neutron stars in STT were considered in [15, 16]. In the present
paper we will generalize these results to the case of TMST. Other classes of modes in alternative
theories of gravity were considered in a number of papers. The fundamental non-radial and pres-
sure modes of NSs in STT and f (R) gravity were considered in [17, 18], while the axial modes
were examined in [19–24] (see [25] for a review). In the former case, though, that is also observa-
tionally more relevant, most of the studies were done in the Cowling approximation, i.e. when
the metric (and in most cases the scalar field) are kept fixed. In the present paper we will consider
the full problem of coupled scalar field, metric and fluid radial perturbations.
In Section II we review the basic theory behind TMST and the equilibrium neutron star solu-
tions in these theories while the equations governing the NS perturbations are derived in Section
III. The results are presented in Section IV. The paper ends with Conclusions.
3II. TENSOR-MULTI-SCALAR THEORIES AND TOPOLOGICAL NEUTRON STAR SOLUTIONS
In more precise mathematical language, the gravitational interaction in TMST is mediated by
the spacetime metric gµν and N scalar fields ϕ
a which take value in a coordinate patch of an N-
dimensional Riemannian (target) manifold EN with (positively definite) metric γab(ϕ) defined on
it [7, 8]. The Einstein frame action of the TMST of gravity is the following
S =
1
16piG∗
∫
d4
√
−g
[
R− 2gµνγab(ϕ)∇µ ϕ
a∇ν ϕ
b − 4V(ϕ)
]
+Smatter(A
2(ϕ)gµν,Ψmatter), (1)
where G∗ is the bare gravitational constant, ∇µ and R are the covariant derivative and the Ricci
scalar curvature with respect to the Einstein frame metric gµν, and V(ϕ) ≥ 0 is the potential of the
scalar fields. In order for the weak equivalence principle to be satisfied the matter fields, denoted
collectively by Ψmatter, are coupled only to the physical Jordan frame metric g˜µν = A2(ϕ)gµν
where A2(ϕ) is the conformal factor relating the Einstein and the Jordan framemetrics, andwhich,
together with γab(ϕ) and V(ϕ), specifies the TMST. From a more global point of view ϕ
a define
a map ϕ : spacetime → target space and the scalar fields kinetic term in the action above is just the
pull-back of the line element of the target space.
The Einstein frame field equations yielded by the action (1) read
Rµν = 2γab(ϕ)∇µ ϕ
a∇ν ϕ
b + 2V(ϕ)gµν + 8piG∗
(
Tµν −
1
2
Tgµν
)
,
∇µ∇
µ ϕa = −γabc(ϕ)g
µν∇µ ϕ
b∇ν ϕ
c + γab(ϕ)
∂V(ϕ)
∂ϕb
(2)
−4piG∗γ
ab(ϕ)
∂ ln A(ϕ)
∂ϕb
T,
with Tµν being the Einstein frame energy-momentum tensor of matter and γ
a
bc(ϕ) being the
Christoffel symbols with respect to the target space metric γab(ϕ). From the field equations
and the contracted Bianchi identities we also find the following conservation law for the Einstein
frame energy-momentum tensor
∇µT
µ
ν =
∂ ln A(ϕ)
∂ϕa
T∇ν ϕ
a. (3)
The Einstein frame energy-momentum tensor Tµν and the Jordan frame one T˜µν are related via
the formula Tµν = A2(ϕ)T˜µν. As usual, in the present paper the matter content of the stars will be
described as a perfect fluid. In the case of a perfect fluid the relations between the energy density,
pressure and 4-velocity in both frames are given by ε = A4(ϕ)ε˜, p = A4(ϕ) p˜ and uµ = A−1(ϕ)u˜µ.
In TMST various compact objects can be constructed [9]–[12] where, as wementioned, the free-
dom comes not only from the choice of the conformal factor like the standard scalar-tensor theo-
ries, but more importantly from the choice of the target space and the metric defined on it, as well
as from the choice of the map ϕ : spacetime→ target space. Among them are the so-called topolog-
ical neutron stars [12]. In addition to the standard characteristics of the usual neutron stars, the
topological neutron stars are also characterized by a topological charge. They are static spherically
symmetric solution associated with a topologically nontrivial map ϕ : space→ target space.
4We will be concentrated on nonrotating neutron stars and thus the spacetime is static and
spherically symmetric with metric
ds2 = −e2Γdt2 + e2Λdr2 + r2(dθ2 + sin2 θdφ2), (4)
where Γ and Λ depend on the radial coordinate r only. The scalar fieds are static and the target
space manifold is the round three-dimensional sphere S3 with the metric
γabdϕ
adϕb = a2
[
dχ2 + sin2 χ(dΘ2 + sin2 ΘdΦ2)
]
, (5)
where a > 0 is the radius of S3 and χ, Θ and Φ are the standard angular coordinate on S3. Since
the scalar fields are time independent the map ϕ : space → target space reduces to a map ϕ :
Σ → S3 where Σ is the spacial slice orthogonal to the timelike Killing vector field ∂∂t and which is
diffeomorfic to R3. The explicit form of the map ϕ : Σ → S3 is given by (χ = χ(r),Θ = θ,Φ = φ).
For this form of the ϕ : Σ → S3 the dimensionally reduced equations are the following
2
r
e−2ΛΛ′ +
1
r2
(
1− e−2Λ
)
= 8piG∗A
4(χ)ε˜ + a2
(
e−2Λχ′
2
+ 2
sin2 χ
r2
)
+ 2V(χ), (6)
2
r
e−2ΛΓ′ −
1
r2
(
1− e−2Λ
)
= 8piG∗A
4(χ) p˜+ a2
(
e−2Λχ′
2
− 2
sin2 χ
r2
)
− 2V(χ), (7)
χ′′ +
(
Γ
′ −Λ′ +
2
r
)
χ′ =
[
2
sin χ cos χ
r2
+
1
a2
∂V(χ)
∂χ
+
4piG∗
a2
A4(χ)
∂ ln A(χ)
∂χ
(ε˜− 3p˜)
]
e2Λ, (8)
p˜′ = −(ε˜ + p˜)
[
Γ
′ +
∂ ln A(χ)
∂χ
χ′
]
, (9)
where the prime denotes differentiation with respect to r.
Asymptotic flatness requires Γ(∞) = Λ(∞) = 0 and χ(∞) = kpi with k being integer (k ∈ Z).
Without loss of generality we shall put k = 0. Regularity at the center requires Λ(0) = 0 and
χ(0) = npi where n ∈ Z. The integer n is in fact the topological charge of the neutron star. Since
χ(∞) = 0 the map ϕ : Σ → S3 can naturally be extended to a map ϕ : Σ ∪ ∞ → S3. Taking
into account that Σ ∪∞ = R3 ∪∞ is topologically S3 we have an effective map ϕ : S3 → S3. The
topological charge n is just the degree of the map ϕ : S3 → S3 given by
deg ϕ =
∫
Σ
ϕ∗VolS3 , (10)
where ϕ∗VolS3 is a 3-form on Σ which is the pull-back of the normalized volume form VolS3 on
the target space S3 (i.e.
∫
S3
VolS3 = 1). A direct calculation indeed shows that deg ϕ = n.
The system of reduced field equations (6)–(9) supplemented with the equation of state of the
baryonic matter p˜ = p˜(ε˜), with the above mentioned asymptotic and regularity conditions as well
as with a specified central energy density ε˜c, describes the structure of the topological neutron
stars.
III. PERTURBATIONS OF THE BACKGROUND SOLUTIONS
We consider time dependent radial linear perturbations over the spherically symmetric and
static background of topological neutron stars obtained after solving the reduced system of equa-
tions (6)–(9). The perturbations of the spacetimemetric is described by the functions δΛ = δΛ(t, r)
5and δΓ = δΓ(t, r) while the perturbation of the scalar field is described by δχ = δχ(t, r), namely
ds2 = −e2Γ0+2δΓdt2 + e2Λ0+2δΛdr2 + r2(dθ2 + sin2 θdφ2), (11)
χ = χ0 + δχ. (12)
From now on the subscript “0” will refer to the quantities associated with the background solu-
tion. The radial perturbations of the fluid are described as usual by the Lagrangian displacement
ζ = ζ(t, r). After tedious calculations one can show that the perturbations of the field equations
result in two coupled, second order wave equations for ζ and δχ, namely
(ε˜0 + p˜0)e
2Λ0−2Γ0∂2t ζ + (ε˜0 + p˜0)∂rδΓ + [∂rΓ0 + α(χ0)∂rχ0] (δε˜ + δ p˜)
+∂rδ p˜+ α(χ0)(ε˜0 + p˜0)∂rδχ + β˜(χ0)(ε˜0 + p˜0)∂rχ0δχ = 0, (13)
−e−2Γ0∂2t δχ + e
−2Λ0∂2rδχ + e
−2Λ0
[
∂rΓ0 − ∂rΛ0 +
2
r
]
∂rδχ + e
−2Λ0∂rχ0 [∂rδΓ− ∂rδΛ]
+
[
−
2
r2
sin(2χ0) +
2
a2
∂χV(χ0)− 8piG∗
α(χ0)
a2
A4(χ0)(ε˜0 − 3p˜0)
]
δΛ
−
[
2
r2
cos(2χ0) +
2
a2
∂2χV(χ0) + 4piG∗
β˜(χ0)
a2
A4(χ0)(ε˜0 − 3p˜0) + 16piG∗
α2(χ0)
a2
A4(χ0)(ε˜0 − 3p˜0)
]
δχ
−4piG∗
α(χ0)
a2
A4(χ0)(δε˜− 3δ p˜) = 0, (14)
where α(χ) = d ln A(χ)dχ and β(χ) =
d2 ln A(χ)
dχ2
. The perturbations of the metric functions, the energy
density and the pressure are expressed in terms of ζ and δχ, and their first derivative in the radial
coordinate as follows:
δΛ = a2r∂rχ0δχ− 4piG∗A
4(χ0)(ε˜0 + p˜0)e
2Λ0rζ, (15)
δε˜ = −(ε˜0 + p˜0)
[
e−Λ0
r2
∂r
(
eΛ0r2ζ
)
+ δΛ
]
(16)
− [∂r ε˜0 + 3α(χ0)(ε˜0 + p˜0)∂rχ0] ζ − 3α(χ0)(ε˜0 + p˜0)δχ, (17)
δ p˜ = c˜2sδε˜, (18)
∂rδΓ =
1
r
[
1+ r2
(
8piG∗A
4(χ0) p˜0 − 2V(χ0)
)]
e2Λ0δΛ (19)
+re2Λ0
[
−∂χV(χ0) + 16piG∗α(χ0)A
4(χ0) p˜0
]
δχ
+a2r∂rχ0∂rδχ + 4piG∗e
2Λ0rA4(χ0)δ p˜. (20)
Here c˜2s is the Jordan frame sound velocity defined by c˜
2
s =
dp˜
dε˜ .
Let us discuss the boundary conditions that have to be impose on ζ and δχ. The regularity of
the energy density and pressure perturbations at the center of the star requires ζ(t, r = 0) = 0. The
perturbation of the scalar field χ has to be zero at the star center, δχ(t, r = 0) = 0. The boundary
condition at the star surface is that the Lagrangian perturbation of the pressure ∆p˜ vanishes. In
610.0 10.5 11.0 11.5 12.0
1.0
1.2
1.4
1.6
1.8
2.0
2.2
10.0 10.2 10.4 10.6
2.02
2.04
2.06
2.08
2.10
 
 
M
 / M
R [km]
G
R
 neutron stars
n = 
 
 
10.0 10.5 11.0 11.5 12.0 12.5 13.0
0.8
1.0
1.2
1.4
1.6
1.8
2.0
2.2
10.0 10.2 10.4 10.6
1.90
1.95
2.00
2.05
n = 
 
 
M
 / M
R[km]
G
R
 neutron stars
 
 
FIG. 1: The mass as a function of radius for neutron star models with n = 1 (left panel) and n = 2 (right
panel). The free parameters are β = 0.08 and a2 = 0.001. The GR sequence of models is depicted with black
line, while the TMST branches – with lines with different colors. The stable part of the branches is plotted
with a solid line while the unstable part of the branches – with dotted line. A zoom of the region where
several new additional branches appear is given in the top-right corner of each graph.
explicit form we have
∆p˜(t, r = R) = −c˜2s (ε˜0 + p˜0)
[
eΓ0
r2
∂r
(
e−Γ0r2ζ
)
+
(
a2r∂rχ0 + 3α(χ0)
)
∂rχ0ζ (21)
+
(
a2r∂rχ0 + 3α(χ0)
)
δχ
]∣∣∣
r=R
= 0.
Only the perturbation δχ of the scalar field can propagate outside the star and δχ has to satisfy
the radiative (outgoing) asymptotic conditions, namely
∂t(rδχ) + ∂r(rδχ) = 0. (22)
IV. RESULTS
A. Background solutions
First let’s briefly discuss the equilibrium neutron star solutions that we will perturb. We will
focus on the models presented in [12] in order to be able to perform a better comparison. The
conformal factor is chosen to be
A(ϕ) = exp(β sin2 χ), (23)
where β is a parameter. The EOS we employ is APR4 [26, 27]. The presented results will be for
β = 0.08 and a2 = 10−3. As we will discuss below, though, the stability is tested for a larger range
of parameters and conformal factors.
In Fig. 1 the mass as a function of radius is presented for n = 1 and n = 2. In both cases we
have two branches spanning to small masses (the blue and the red lines) and many additional
branches appearing at larger masses. The GR sequence of neutron stars is also plotted for a com-
parison. The style of the lines is connected with their stability and will be commented in the next
7subsection. Even though it might seem that the different branches at larger M are connected, if
one looks in the zoom in the top-right corner, it is evident that there is a clear distinction between
the lines with different colors. For more details we refer the reader to [12] where the neutron star
sequences are discussed thoroughly.
The differences between the GR and TMST models tends to be larger for small masses, while
for large masses at least some of the TMST branches get closer to the GR one. It is very interesting
and observationally important that the scalar charge for these models, defined as the coefficient
in front of the 1/r scalar field asymptotic at infinity, is zero [12]. Therefore, there is no dipole
scalar gravitational radiation and the binary pulsar observations can not impose constraints on
the theory.
Even though a large number of branches exists, most of them show undesired peculiarities
as discussed in [12]. For example some of the solutions belonging to the red line branch and
the branches appearing at larger masses have peculiar behavior as commented in [12] that was
interpreted as a sign of instability. Only the blue line branch behaves well (at least until the max-
imum of the mass is reached) and in addition, the neutron star radius is within the observational
constraints.
Even though the n = 1 and n = 2 cases lead to different scalar field boundary conditions,
the overall picture of the branches looks quite similar. In both cases we have two branches that
span to smaller masses and a number of high mass branches. The number of these additional
hight mass branches is different for n = 1 and n = 2, but as we discussed, they are supposedly
unstable and we will not comment on them further. The n = 2 case leads as well to somewhat
larger differences from GR in most cases. This is expected since the n = 2 neutron stars have in
general stronger scalar field – at the center χ(0) = 2pi compared to χ(0) = pi in the n = 1 case.
The supposedly stable blue line n = 2 sequence is terminated at some finite mass meaning
that no stable n = 2 solutions can exist below it. In addition, the maximum of the mass for n = 2
is slightly below two solar masses. This is an expected behavior for topological solutions – they
exist only in a fixed domain of the parameters space. Still for very large masses n = 1 neutron
stars can exist as well the zero scalar field (n = 0) GR solutions. Therefore, the considered TMST
is not in a contradiction with the observations.
B. Radial perturbations
It turns out that it is numerically difficult to impose the boundary condition at the stellar sur-
face in the form of eq. (21). The output signal is highly dependent on the proper implementation
of this condition and the precision that is used. This is an undesired behavior because it can lead
to numerical instabilities in certain cases and needs fine tuning. That is why we used a standard
approach adopted from pure GR [28], that is to introduce a new dimensionless function
Z = (ε˜0 + p˜0)rζe
2Λ0 . (24)
We are dealing with neutron stars where both ε˜0 and p˜0 vanish at the stellar surface, and therefore
the perturbation Z will vanish as well. Clearly a zero boundary condition at the surface is much
more robust and that is why we will work with the Z function.
We have performed a time evolution of the perturbation equations (13) and (14), where the
perturbation variable ζ is transformed to Z. Since this is a straightforward calculation we will not
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FIG. 2: The time evolution of Z and δχ for TMST neutron stars belonging to the blue line branch in Fig. 1
with n = 1, β = 0.08 and a2 = 0.001. The density is chosen to be before the maximum of the mass is reached
εc = 1.28× 1015g/cm3 with mass M = 1.691M⊙ which leads to a stable solution. The Z perturbation is
extracted in the neutron star interior while the δχ signal is observed at roughly ten neutron star radii away
from the star.
give here the perturbation equations explicitly. A Gauss pulse for δχ, located at several neutron
star radii outside the star and having zero velocity at t = 0, is used as initial data and is evolved
in time. At t = 0 we have imposed zero perturbation Z. Since Z can be nontrivial only inside
the star, it will remain zero until the scalar field perturbation reaches the star. From that moment
on δχ will excited Z because the two perturbation equations are coupled. We perform the time
evolution for roughly 50ms and make a Fourier transformation of the δχ signal at roughly ten
neutron star radii. The validity of our code is counterchecked against different particular cases
and shows very good agreement – the pure GR case [28, 29] and the results for scalarized neutron
stars in STT [16]. In addition, the radial fluid modes frequencies extracted from δχ and Z coincide.
Let us comment on the main differences between the signal for GR models and models with
nonzero scalar field. As far as radial perturbations are considered and neglecting viscous effects
in the neutron star interior, the Z perturbation inside the star will not be damped in the pure GR
case since no gravitational radiation can be emitted. This is not the case in the presence of scalar
field, since its perturbation carries away energy at infinity which leads to damping of the neutron
star radial fluid modes. This was observed already in [16] and applies to our problem as well.
After examining the radial perturbations of several solutions from each branch in Fig. 1 we
could conclude that the radial stability/instability is indeed as predicted in [12]. The stable part
of the branches is depicted with solid lines in Fig. 1, while dotted line denotes instability. For
both cases n = 1 and n = 2, the only stable branch is the one depicted by blue line and only up
to its maximum of the mass, while the rest of the branches are unstable. As a matter of fact this
is the only “nicely behaving” branch reaching as well to low NS masses and having radii of the
same order as the GR case for the whole range of astrophysically relevant masses. Moreover, as
pointed out in [12], the radial profiles of the metric functions, the scalar field and the pressure for
models belonging to the blue line branch (before a maximum of the mass is reached), are nicely
behaving. As expected, the results show that after reaching a maximum of the mass the neutron
stars become unstable.
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FIG. 3: The time evolution of Z and δχ for TMST neutron stars belonging to the blue line branch in Fig. 1
with n = 1, β = 0.08 and a2 = 0.001. The density is chosen to be after the maximum of the mass is reached
εc = 2.07× 1015g/cm3 with mass M = 2.059M⊙ which leads to a unstable solution. The Z perturbation is
extracted in the neutron star interior while the δχ signal is observed at roughly ten neutron star radii away
from the star. The y axis is in a logarithmic scale.
Exemplary waveforms for models belonging to the blue line branch in Fig. 1 (for n = 1) are
presented in Fig. 2 and Fig. 3. In the former figure a TMST neutron star before the maximum of
the mass is chosen and therefore it is stable while in latter figure – a models after the maximum
of the mass and thus unstable. The behavior of the unstable neutron star radial modes belonging
to the rest of the branches is similar – after several oscillations the perturbation starts to increase
exponentially.
Let us examine in more detail the stable model signal in Fig. 2 . As one can see, Z is zero
before the scalar field perturbation “hits” the star. Afterwards Z oscillates and slowly decreases
in time contrary to what is observed in the GR case. The reason is the coupling with the scalar
field and the loss of energy through scalar gravitational radiation. As expected, the amplitude of
Z is much smaller than δχ due to the fact that it is only excited through the coupling between the
two perturbations.
The appearance of scalar modes in addition to themodes related to the radial oscillations of the
fluid is observed in all of the studied cases. This is natural to expect for the system of perturbed
equations we consider [30] and given as well the analogy with the spacetime w-modes [31]. Scalar
modes were found as well in the standard STT [16]. The best visualization of the phenomenon
is in the scalar field perturbation depicted in right panel of Fig. 3 because of the logarithmic
scale (even though this is an unstable model and the instability develops after several oscillation).
In the very first part of the signal several highly damped oscillations are observed that quickly
disappear followed in some cases by an exponential tail and afterwards the signal is dominated
by the modes related to the radial oscillations of the fluid. We will not explore this problem in
more details due to the following reason. The main goal of our paper is to check the stability of
different TMST neutron star branches while extracting the scalar modes is extremely difficult task
because of the small damping time. Based on our tests, we can conclude that in most cases the
scalar modes of topological TMST neutron stars are much more difficult to be extracted compared
to pure STT and there is a huge error in the determined frequencies due to the small number
10
0.5 1.0 1.5 2.0
0
1
2
3
4
5
6
7
 
 
f [
kH
z]
M/ M
 GR
 TMS n=1
 TMS n=2
FIG. 4: The fundamental radial Fmode frequency as a function of the neutron star mass for GRmodels and
TMST neutron stars belonging to the stable blue line branch in Fig. 1. The cases of both n = 1 and n = 2
are shown, while β = 0.08 and a2 = 0.001.
of scalar mode oscillations observed in the signal. There might be different scenarios leading to
stronger and better pronounced scalar modes, such as the gravitational collapse, and we plan to
address this problem in the future.
After performing a Fourier transformation of the observed signal, several peaks appear in the
spectrum that can be identified with the fist radial mode F (which have no nodes inside the star)
and its overtones. A clear peak corresponding to the scalar modes can be rarely observed. The
frequencies of the F mode are plotted in Fig. 4 for pure GR and TMST neutron stars belonging
to the blue line branch in Fig. 1 both for n = 1 and n = 2. As one can see, the largest differ-
ence in comparison with the Einstein’s theory is for small masses similar to the behavior of the
equilibrium models. As the mass increases the frequencies start to rapidly decrease until a zero
frequency is reached. This happens at the maximum of the mass for the corresponding branch
and signals the onset of instability.
The qualitative behavior of the n = 1 and n = 2 cases is quite similar. The main difference is
as expected from the study of the background models – the n = 2 modes reach zero frequency
at smaller masses compared to n = 1 and the n = 2 sequence is terminated at some finite small
value of the mass where the solutions disappear. The F mode frequencies of the intermediate and
smaller mass models are larger than GR and increase with the increase of n.
The results presented so far are for a particular conformal factor (23) and values of β and a2. We
have performed more simulations in order to check up to what extend the conclusions we have
made are universal. The difficult part is that topological solutions exist only for certain ranges
of parameters and moreover – finding the whole spectrum of solutions for a given conformal
factor and fixed values of β and a2 is an extremely time-consuming task. We have considered the
conformal factor (23) and several different values of β, as well as the conformal factor A(ϕ) =
exp(βχ2). In all cases we have found that no more than one stable branch can exist for each value
of the topological charge n and all the additional branches are unstable. Therefore, the conclusions
we have made in this chapter seem to be more or less universal for all of the topological neutron
stars in the considered class of TMST.
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V. CONCLUSIONS
In the present paper we have examined the stability against radial perturbations of topological
neutron stars in a class of tensor-multi-scalar theories of gravity that are new and very interesting
solutions due to the presence of nonzero topological charge. These solutions have zero scalar
charge and thus no scalar dipole radiation can be emitted. Contrary to the pure GR case, for a
fixed value of the topological charge many branches of solutions can exist. That is why it was
very important to identify which are the stable branches that can realize in practice and lead to
astrophysically relevant neutron stars.
The equations governing the radial perturbations were derived and they reduce to a system
of two coupled wave-type equations – one for the Lagrangian displacement of the fluid and one
for the perturbation of the scalar field. The radial modes are calculated via time evolution of
the system of equations. The results show that for a fixed topological charge only one of the
neutron star branches is stable while all the rest are unstable. Moreover, this is exactly the stable
branch that spans a wide range of neutron star masses and have radii that are in the preferred
range according to the observations. Similar to the GR case, this branch looses stability after
the maximum of the mass. It is interesting to note, that these conclusions coincide with the rough
analysis of the solutions performed in [12] where it was demonstrated that most of the topological
neutron star branches show undesired peculiarities which is a signal of instability.
We have examined as well the frequencies of the radial fluid modes for different values of the
topological charge. The differences with GR are small for the more massive models and increase
for smaller mass neutron stars. The radial mode frequencies are generally larger for larger value
of the topological charge. For higher masses close to the maximum one the frequencies star to
rapidly decrease reaching zero at the maximum of the mass that signals the onset of instability.
Let us comment on the possible astrophysical applications and future prospects. Having only
one stable sequence of solutions for every value of the topological charge is a nice and desired
property. Thus, it should be possible to come up with a strategy to observationally distinguish
between neutron stars with different topological charge and thus, put constraints on the theory.
This would not be possible solely on the basis of the mass and radius observations, because even
though the differences with the GR solutions can be large, the uncertainties in the nuclear matter
EOS are comparable. Another trilling and more promising possibility is to use the gravitational
wave observations. Contrary to GR where the radial perturbations can not lead to gravitational
wave emission, in the considered TMST, breathing modes and gravitational wave echoes can be
observed. Similar to pure STT, though, this is possible only for a certain form of the conformal
factors for which α(χ) = d ln A(χ)dχ is linear for small χ [7, 32]. In additional, the time evolution
showed the appearance of scalar modes with very short damping time that can have possible
imprints in the electromagnetic and gravitational wave emission [16, 30, 31]. A detailed study of
these phenomena including the observational prospect is a study underway and will be reported
elsewhere.
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